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The nuclear magnetic relaxation times T2 and Tj of Mn in the molecular cluster magnet Mni2 Ac 
have been measured, using the spin-echo method for oriented powder sample, at low temperatures 
below 2.5 K down to 200 mK in the fields up to 9 T applied along the c-axis. Above about 1.5 K 
both of relaxation rates T 2 _1 and T~ x exhibit remarkable decreases with decreasing temperature in 
zero field with the relative relation like T,^ 1 /T^ 1 « 200. At the lower temperatures, T 2 _1 tends to 
become constant with the value of about 10 2 s _1 , while T rl still exhibits an appreciable decrease 
down to around 0.5 K. The analysis for the experimental results was made on basis of the concept 
that the fluctuating local field responsible for the nuclear magnetic relaxation is caused by thermal 
fluctuations of the Zeeman levels of the cluster spin of 5* = 10 due to the spin-phonon interactions. 
Then the problem was simplified by considering only the thermal excitation from the ground state 
to the first excited state, that is, a step-wise fluctuation with respective average life times to and 
Ti. By applying nonlinear theory for such a fluctuating local field, a general expression for T2 was 
obtained. It turned out that the experimental results for T 2 ~ are explained in terms of the equation 
of T 2 _1 = Ty 1 , which corresponds to the strong collision regime under the condition to S> ti. On the 
other hand, the results for Ti have been well understood, on the basis of the standard perturbation 
method, by the equation for the the high-frequency limit like T -1 ~ 1/touj%, where ujn is the 55 Mn 
Larmor frequency. The experimental results for the field dependence of the T~ x and T~ x were also 
interpreted reasonably in terms of the above theoretical treatment. The quantitative comparison 
between the experimental results and the theoretical equations was made using hyperfine interaction 
tensors for each of three manganese ions determined from the analysis for the NMR spectra in zero 
field. 
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I. INTRODUCTION 

Recently there has been a great interest in nano-scale 
molecular cluster magnets in view of the microscopic 
quantum nature appearing in the macroscopic proper- 
ties of the system. The synthesis of the molecular clus- 
ter magnets have solved the most serious problem of 
the particle size, because the cluster size of the clus- 
ter magnet is exactly same and known. As a typi- 
cal candidate compound, the molecular cluster magnet 
Mni 2 Oi2(CH3COO) 6 (H 2 0)4 (abbreviated as Mn 12 Ac), 
which was synthesized and whose crystal structure was 
studied using X-ray diffraction by Lis, LI has been stud- 
ied so far most extensively. Magnetic properties of 
Mni2Ac have been explained satisfactorily by treating 
the strongly-coupled cluster spins as a single quantum 
spin of S'=10. The prominent features have been demon- 
strated in very long relaxation time of the magnetiza- 
tion at low temperatures,ou and the step-wise recovery 
of the magnetization in the external field at every inter- 
val of about 0.45 T, which is associated with the quantum 
tunneling which occurs with coincidence in the Zeeman 



levels pQf. oppositely directed magnetization of the cluster 
spins. Im Such a tunneling phenomenon was interpreted 
as thermally- assisted and/or field-tuned-.processes asso- 
ciated with the spin-phonon interactionE 

Another molecular compound [(tacn)6Feg02(OH)i2] 8+ 
(abbreviated as Fes) with a large cluster-spin of 5=10 
has been the subject of investigations on the same view- 
point E'El On contrary to Mn^Ac and Fes m which the 
tunneling is due to "spin-bath" , a molecular cluster mag- 
net K 8 [V^As 6 042(H 2 0)]-8H20 (so called V15) has been 
studied as a system with a lowest cluster spin of 6=1/2, 
which shows a hysteresis curve associated with "phonon- 
bath", although there is no energy barrier against the 
spin reversals a 

A great deal of experimental and theoretical works re- 
lated to Mni2Ac4i|aS|-heep reviewed in some books and 
review papers.li3liirli3li3liJ 

In order to understand the magnetic properties of these 
molecular cluster magnets more thoroughly, it is worth- 
while to examine the dynamical behavior as well as statis- 
tical nature of each magnetic ion which constitutes the 
cluster spin. One of the most promising experimental 
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procedures for this purpose will be to use an NMR with 
respect to the relevant magnetic ions. In view of this, 
we have been studying 55 Mn NMR in Mn^Ac. As re- 
ported in our preliminary paper, we first succeeded, us- 
ing powder sample, in observing all of 55 Mn NMR signals 
belonging to Mn + and two in-equivalent Mn 3+ ions in 
zero field, and measured the temperature dependence of 
the transverse relaxation time T2 at liq. Helium temper- 
atures, tj In the recent paper, we have determined the 
hyperfme interaction tensors of 55 Mn nuclei in Mn^Ac 
by analyzing the more detailed 55 Mn NMR speetra on 
the basis of the ground-state spin-configurationJl3 

In the present work, we have measured, using oriented 
powder sample, the transverse relaxation time T2 and the 
spin-lattice relaxation time T\ of 55 Mn in Mn^Ac. The 
measurements have been done in the wide temperature 
range from 2.5 K down to 200 mK in zero field and at 
liq. Helium temperatures with an applied field up to 9T. 
As for the nuclear-spin lattice relaxation in Mn^Ac, the 
proton spin- and muon spin-lattice relaxation times have 
been measured by Lascialfari et al. at the temperature 
range of 4.2-400 K and at the field range of 0-9.4 T,llZl and 
subsequently at [the lower temperatures down to around 
2K below 1.6 T.N In Ref. M the field dependence of the 
proton relaxation rate and the temperature depen- 
dence of the muon relaxation rate have been analyzed on 
the basis of the standard perturbation method, that is, 
weak collision model. Then the fluctuating local fields at 
the proton or the muon site have been taken to originate 
from the random change between the adjacent Zeeman- 
energy levels of the ground-state configuration of the to- 
tal spin of 5=10, which is caused by the spin-phonon 
interactions. Quite recently Furukawa et al. have re- 
ported on the experimental results for the temperature 
and field dependence_j>f T-f 1 of 55 Mn in Mn^Ac above 
1.2 K and below 1 TO, and the analysis has been made 
on the basis of essentially the same treatment given in 
Ref. H 

The analysis for our experimental results are made on 
the basis of the concept as presented in Ref. [l8| such that 
the fluctuating local field at each of 55 Mn sites in Mn 4+ 
and Mn 3+ ions is originated from the thermal excitations 
in the Zeeman-energy levels due to the spin-phonon in- 
teraction. Then, in order to proceed the analytical treat- 
ment, we simplify the problem by taking into account 
only the lowest two levels of the cluster spin 5=10, the 
ground-state and the first excited state which lies above 
about 12 K. This simplification will be reasonable, since 
the data for the 55 Mn NMR are available only below 
about 2.5 K, thus the statistical weight of higher excited 
states being extremely small. For the interpretation for 
T2, which was measured by observing the spin-echo de- 
cay time, we employ the general treatment based on non- 
linear theory. As we shall explain, it turns out that the 
transverse relaxation rate T 2 _1 is reasonably understood 
in terms of the strong collision regime instead of weak 
collision regime. On the other hand, the results of T\ 
is interpreted satisfactorily by the standard perturbation 



formalism. However, our standpoint for the interpreta- 
tion for T\ is somewhat different from that presented in 
Ref. [l^ apart from the simplification of the problem. The 
essential part has-.already been reported in our recent 
brief publicationBd 

The constitution of the present article is as follows. In 
the next section, we explain briefly the magnetic struc- 
ture and hyperfme coupling tensors of 55 Mn in Mn^Ac 
determined by analysis of 55 Mn NMR spectra. The ex- 
perimental results are presented in Sec. III. Section 
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is devoted to the derivation of the theoretical equations 
for interpretations for the experimental results. Subse- 
quently we show that the experimental results of T2 and 
T\ are interpreted reasonably in terms of the present the- 
oretical treatment. In Sec. |y| we discuss on the quanti- 
tative considerations. The final section yields the sum- 
maries of this article. 



II. PROPERTIES OF Mm 2 Ac 
A. Crystal Structure and magnetic properties 

The crystal and magnetic structures of the cluster of 
Mni2Ac are shown in Fig. |l|(a). Each cluster, which 
constitutes a tetragonal symmetry with the lattice con- 
stants of a = b = 17.3 A, and c = 12.4 A, is constructed 
from four Mn 4+ ions (S — 3/2) in a central tetrahe- 
dron (denoted by Mn(l)) and surrounding eight Mn 3+ 
(S = 3/2) with two in-equivalent sites (denoted by Mn(2) 
and Mn(3)) located alternately. The Mn atoms are linked 
by triply bridged oxo oxygens and by carboxylate bridges 
from acetate anions. The Mn(l) and Mn(2) have dis- 
torted octahedral coordination of oxygens due to above 
links. In Mn(3), one water molecule completes the octa- 
hedral environment of oxygens a 

There exist four kinds of exchange interactions 
among these manganese ions, as shown schematically in 
Fig. |l](b). Quite recently, a set of the magnitudes and 
signs of these exchange couplings has been determined, 
using exact diagonalization of the spin Hamiltonian of the 
cluster spin by a Lanzcos algorism, so as to explain the 
high-field magnetization and the realization of the ground 
state of S = 10. These values are Ji/fcs = — 119K, 
Jil^B = — 118K (antiferromagneitic), Jz/ks = 8K (fer- 
romagnetic) and, Ji/ks = — 23KJ23 and except the value 
of Ji/fce, they sxe different largely from the previously 
available values .til 

As a combined effect of the above exchange interac- 
tions, the ground-state_configuration of the total spin of 
S = 10 is established^] in such a way that the assem- 
blies of outer eight Mn 3+ ions and the inner Mn 4+ ions, 
which have respectively resultant ferromagnetic spins of 
S = 16 (8 x 2) and S = 6 (4 x 3/2), are coupled anti. 
ferromagnetically to each other at low temperatures. c3 
Because of the anisotropy due to Jahn- Teller distortion 
of Mn 3+ ions, there appears a single- ion type anisotropy 
D along the ±c-axis. Thus the total magnetic moments 
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of each cluster are either parallel or anti-parallel to the 
c-axis. Henceforth these clusters are referred to respec- 
tively as (+) and (— ) cluster, with respect to the c-axis 
taken as the z-axis. The inter-cluster interaction is only 
due to dipolar origin of the order of 0.5 K. In the pres- 
ence of an external field Hq applied along the c-axis, the 
effective exchange Hamiltonian for each cluster is given 
by 

H = -DS 2 - BS 4 Z ± g\\tXBHoS z , (1) 

where the exchange parameters have been evaluated, 
from recent hist-field ESFtE 4 ] and neutron spectroscopy!^ 
as 0|| = 1.93,13 D/k B = 0.67 K,H and 0.66 K,E3 and 
B/k B = 1.1-1.2 x 10 3 K,E3 and the sign ± correspond to 
the (+) and (— ) clusters, respectively. According to this 
Hamiltonian, the discrete energy levels \S, m) are well 
defined along the z-axis in the ground-state spin configu- 
ration of S = 10. This gives satisfactory understandings 
for the most of magnetic properties of Mni2 Ac such as an 
energy barrier of about 60 K in zero field from the ground 
level of m = ±10 up to the highest level of m = 0, and 
the step-wise recovery of the magnetization at each step 
of about 0.45 T which occurs corresponding to the coin- 
cidence of the energy levels between S z = m{< 0) in the 
(+) cluster and S z = rn(> 0) in the (— ) cluster. In ad- 
dition to the above main Hamiltonian, there exists the 
perturbing Hamiltonian Ti' including the terms such as 
higher-order transverse anisotropy and the transverse ex- 
ternal field. These terms do not commute with S z , thus 
playing a crucial role for the mechanism of the tunnelling. 
In particular, the transverse external field gives rise to a 
drastic change in the tunnel-splitting at the level-crossing 
fields, which may promote the tunneling appreciablyo 

B. Hyperfine interaction tensor 

Next we review the 55 Mn hyperfine interaction tensor 
determined from the NMR spectra in zero field in Ref. [l6| 
for the numerical evaluation of the present experimen- 
tal results. Figure || shows the NMR spectra of 55 Mn 
(/ = 5/2) in Mni2Ac obtained at 1.45K in zero field. 
The three completely separated lines with the central fre- 
quencies of vm =230, 279, and 364 MHz, were identified 
to be due to Mn 4+ ion (Mn(l)), and Mn 3+ ion (Mn(2) 
and Mn(3)), respectively. The corresponding internal 
fields are H nlt = 21.8,26.5,34.5 T. From now on, these 
three lines are referred to as LI, L2, and L3, respectively. 
The resonance lines LI, L2, and L3 involve the five-fold 
quadrupole-splitting with Av q = 0.72, 4.3, 2.9 MHz, re- 
spectively.!!^ 

The nuclear hyperfine Hamiltonian, which consists of 
Fermi-contact, dipolar, and orbital terms, is obtained 
by taking the expectation values for the correspond- 
ing Hamiltonians with respect to the ground-state wave- 
function of the magnetic ion. This Hamiltonian is ex- 
pressed as, 

n N =I-A-S = -^ N hI-(U F + U d + U l ), (2) 



where A is the hyperfine coupling tensor between the 
nuclear spin I and the electronic spin S, and Hp, H^, 
H; are the corresponding hyperfine fields. Each of man- 
ganese ions in Mn^Ac is subject to the crystalline field 
with dominant cubic symmetry due to the surrounding 
distorted octahedral coordination of oxygens. 

The ground-state of the Mn 4+ ion (3d 3 , 4 F) is the 
orbital-singlet. So the dipolar and the orbital terms in 
Eq. (^) vanishes primarily, and only the isotropic Fermi- 
contact term is important. The corresponding Fermi- 
contact field H F is given, using the conversion factor of 
1 atomic unit (a.u.) = 4.17 T, as 

H F = -M = -2 x 4.17 X S, (3) 

where Af is the component of the tensor A, and x is 
the effective field per unpaired electron in atomic unit. 
According to Freeman and Watson,E3 the value of x is 
calculated to be 2.34 for the free Mn 4+ ion, by taking 
into account the contributions from three inner electron 
spins (Is, 2s, and 3s). The minus sign in Hp indicates 
that the direction of Hp is opposite to the magnetic mo- 
ment. Thus for the free Mn 4+ ion, the values of Hp is 
estimated to be Hp — 29.3 T. The effect of the admix- 
ture of the higher triplet state to ground-state and dis- 
torted crystalline field may be extremely small. In fact, 
for the diluted ion in the trigonal symmetry, the hyper- 
fine anisotropy is of the order of 0.1%E3. It is noted that 
the experimental internal field of 21.8 T is smaller by 26% 
as compared with calculated value of 29.3 T for the free 
ion. This is understood by considering a large amount 
of reduction of the magnetic moment. The recent po- 
larized neutron diffraction measurement yields the pres- 
ence of 22% reduction from the full value of-3/Lts in the 
magnitude of the Mn 4+ magnetic moment. E3 Since the 
reduction of the magnetic moment due to 3d-electrons 
reflects the contact term, the present result is consistent 
with the neutron results. Such a large amount of reduc- 
tion may be ascribed to the presence of the covalence and 
strong exchange interactions, as observed usually in the 
condensed matter. 

On the other hand, the ground state of the Mn 3+ ion 
(3d 4 , 5 D) is orbital doublet denoted by E g in the cu- 
bic crystalline field. As in the case of Mn 4+ ion, the 
Fermi-contact field H — F is obtained for the free lln 3+ 
to be 48.5 T using the calculated value of x=2.91.E3 Be- 
cause of the additional elongated tetragonal symmetry 
of the crystalline field caused by Jahn- Teller effect and 
low-symmetric carboxylate ligands, the orbital degen- 
eracy is removed to the lower and higher states with 
the wave functions expressed as = \X 2 — Y 2 ) and 
l^a) = \iZ 2 — r 2 ), respectively. Here we defined the 
rectangular coordinate system (XYZ) with the tetrag- 
onal Z-axis and the X-axis along one of the principal 
axes in the tetragonal plane. Further, the orthorhombic 
distortion of the crystalline field gives rise to the admix- 
ture of 1^2) to l^i), thus the ground-state wave- function 
being expressed as \*f? g ) — cos^l^i) + sin 0| ^2)1 where 
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coscj) and sin0 are normalization factors. In Mn(2) and 
Mn(3), the Z-axis tilts from the c(z)-axis by the angles 
of 9 = 11.7° and 36.2°, respectively. In the case of Mn 3+ 
ion, the dipolar term in Eq. ^ contributes appreciably to 
the hyperfine tensor in addition to the dominant isotropic 
Fermi-contact term. By using the wave function \^ g ) 
in the standard operator-equivalent method, the dipo- 
lar Hamiltonian TLd=— 7jv/lI-H<j, which is expressed in 
terms of the principal terms with respect to the (XYZ) 
coordinate system, is given as, 



Hd = h d -y N hcos{2cj>) 



Szlz — -^{Sxlx 



SyIy) 



(4) 



with 



h d = -jHB{r~ )d, 

where (r~ 3 )d is the average for the orbital radius r with 
respect to 3c? shell. It is useful to define the (xyz) rectan- 
gular coordinate system with the z-axis along the mag- 
netic moment and the x-axis is taken in the Zz-planc. 
(See Fig. A-in Ref. |l(|) Then the above equation is ex- 
pressed aal2 



n d = i • d ■ s 



with 



D = — 7jv^-cos(2</)) 



2(2 -3 cos 2 6>) -3sin26> 
0-2 
-3 sin 29 2(3cos 2 6 1 - 1), 

The principal terms are anisotropic, and there appear 
the off-diagonal teems. For the free Mn 3+ ion which has 
{r~ 3 } d = 4.8 a. u., t_l h d is evaluated to be +17. IT. 

The orbital contribution is in general evaluated from 
the equation, Hi = — 2{iB(r~ 3 )dAg, where Ag represents 
the deviation of the g-value from g s = 2.0023 due to ad- 
mixture of the higher excited orbital state. Applying the 
value of g z = 1.95 and g± = 1.97 for-JvIn 3+ ion evaluated 
from high field EPR measurement ,E£l the value of Hd is 
calculated, using (r~ 3 )d = 4.8 a.u. for the free ion, to be 
about 2T. So, we may neglect the orbital contribution 
as compared with the other terms. By taking into ac- 
count the dipolar contribution to the internal field, which 
is given by the D zz component in the dipolar tensor D 
(Eq. (|J)), the total internal field is given by 



IH, 



(6) 



The identification of the L2 and L3 lines was made in view 
of Eq. (|^). By considering that the increase in 9 plays a 
role to deduce |Hp| as far as 9 < 53°, it turns out that the 
line L2 with lower ui^ should be due to Mn(2), and thus 
the L3 line being due to Mn(3). As for the quadrupole 
splitting, the dominant term is expressed, for the axial- 
symmetry case, as Av q = i(3cos 2 6* — l)v q , where v q 
is the quadrupole-splitting parameter. The larger value 



of 9 yields the larger splitting as far as 9 < 53°. The 
above identification is then consistent with the observed 
difference in quadrupole splitting between 55 Mn NMR for 
the L2 and L3 lines. 

The determination of the components of the hyperfine 
tensors A for Mn(2) and Mn(3) of Mn 3+ ion was made 
in the following way. There are three unknown factors, 
the reduction factor for the contact term, the value of 
(r ~ 3 }d, and the amount of the mixing of the two wave 
functions in the ground-state E g , which is represented 
by the factor cos 20 in Eq. (||) . According to Ref. 
the reductions of the magnetic moments for the Mn(2) 
and Mn(3) ions are obtained to be 8% and 6%, respec- 
tively. First, by applying these reduction factors to the 
value of (r~ 3 )d in Eq. (|j) for each ion, we evaluated that 
hd=+l5.7 and + 16.0 T, respectively. Secondly, referring 
to the crystal parameters given in Ref. |l|, we assumed 
the tetragonal and orthorhombic symmetries of the crys- 
talline field for Mn(2) and Mn(3), respectively. That is, 
we put cos 20 = 1 for Mn(2), and the coefficient cos 20 
for Mn(3) was remained as an unknown factor. Then 
using = 11° for Mn(2), we obtain the dipolar contri- 
bution D zz /jnH =+1.6 T. Using the experimental value 
of 26.5 T for H int in Eq. M, we find fl" F (Mn(2))=24.8 T. 
This corresponds to 859o of H m t for the free ion, thus 
reduction factor for the contact term being evaluated to 
be 15%. Next we adopted the same value of the contact 
field for Mn(3). Then using 9 — 36°, the mixing param- 
eter for Mn(3) was estimated to be cos 20 = 0.89. From 
the above considerations, we finally determined the fol- 
lowing numerical values of the components of the 55 Mn 
hyperfine- interaction tensors for each of three manganese 
ions, which are expressed in unit of MHz with respect to 
the (ccyz)-coordinate frame with the z-axis of the c-axis; 



A(Mn(l)) = diag(153, 153, 153) 
A(Mn(2)) = 



254 -24.7N 
176 
-24.7 140 



A(Mn(3)) 



221 -53. N 
181 
-53.0 182 



(7a) 
(7b) 

(7c) 



III. 



EXPERIMENTAL RESULTS FOR THE 
RELAXATION RATES 



The transverse and longitudinal relaxation times Ti 
and T\ of the 55 Mn were measured for the three reso- 
nance lines at the liq. Helium temperatures with the ex- 
ternal field Hq up to 9 T applied along the c-axis, and 
for the LI line the measurement was extended down to 
200 mK in zero field. Figure |^ shows the field dependence 
of the resonance frequencies of the central peaks of the 
three resonance lines, which was obtained at 1.65K by 
applying the external field Hq along the c-axis (z-axis) af- 
ter zero-field cooling. Within the experimental error, the 
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slopes of these lines coincide with the gyromagnetic ratio 
7jy of the free manganese nuclei. As explained in Sec. 
II B, the internal field H mt of 55 Mn, which is mainly due 



to the Fermi-contact term, appears along the spin direc- 
tion, that is, opposite to the magnetic moment. So when 
-ffint 3> Hq as in the present case, the resonance condi- 
tions for Mn 4+ ion belonging to the (+) and (— ) clusters 
are given by u>n = 7jv(-ffint ± Hq), and these are referred 
to as upper and lower branches, respectively. In the case 
of Mn 3+ ion, the above relations are vice versa. 

At lower temperatures than the blocking temperature 
of Tb ~ 3K, we can observe the NMR signals and mea- 
sure T2 and T\ for the (— ) cluster in addition to those for 
the (+) cluster, as far as the relaxation time of the reori- 
entation of the (—) clusters to the z-direction is enough 
longer as compared with T\. The transverse relaxation 
time T2 were obtained by measuring the decay of spin- 
echo amplitude as a function of the time interval between 
two r/-pulses. The decay was of single-exponential type. 
The longitudinal relaxation time T\ is obtained in general 
by measuring the recovery of the nuclear magnetization 
after the saturation of the nuclear magnetization of the 
central line. Under the ideal condition of the complete 
saturation, the magnetization recovery for the nucleus of 
/ — 5/2 is obtained by the equationEj 



m(t) = 1 - 



M(t) 



M 

a exp(— t/T\) 



•&exp(-6f/7i) + cexp( 



-15t/Ti) 
(8) 



magnitude. The values of T l 1 for Mn 3+ ion are larger 
by about twice than that for Mn 4+ ion. 

The field dependence of T 2 X for Mn(l), Mn(2), 
and Mn(3). Mn 4+ ion was measured at 1.65 K for 
the (+) cluster (upper branch) up to 9T and for the 
(—) cluster (lower branch) up to 1.2T. The data were 
taken also at 1.45 K only for the (+) cluster up to 9 T. The 
field dependence of T^ 1 for Mn 4+ ion was measured at 
1.65 K for the (+) cluster (upper branch) up to 5T, and 
for the (—) cluster (lower branch) up to 1.2 T. The data 
were taken also at 1.45 K for the (+) cluster up to 3T. 
The experimental results are shown in Fig. |6| and 0. As 
is seen, T 2 X for the (+) cluster (upper branch) decrease 
monotonously with increasing field down to the field at 
which T 2 X reaches the value of around 150 s" 1 . This 
value is nearly close to the constant value obtained at 
very low temperature in the temperature dependence of 
T 2 X ■ The field dependence at 1.45 K is slightly remark- 
able than that for 1.65 K. The anomalous peak around 
Hq = 6.8 T in T 2 X may be due to cross-relaxation with 
1 H NMR. It should be noted that the field dependence 
of Tf 1 is slightly more remarkable than that of T 2 . 
For the (—) cluster (lower branch), on the other hand, 
the values of T 2 X increase with increasing field. How- 
ever, the change is rather monotonous as in the case of 
the (+) cluster. No any appreciable change was observed 
at the level-crossing fields around H =0, 0.45, and 0.9T. 
Figure H represents the field dependence of T 2 Y for Mn 4+ 
ion (Mn(l)) and for Mn 3+ ion (Mn(2)) for the (+) cluster 
obtained at 1.45K. No appreciable difference was found. 



with the condition such that a + b + c — 1. However, 
in the present case, it was difficult to attain complete 
saturation of the NMR signal because of the broadness 
of each quadrupole splitting resonance line. Then the re- 
laxation rate T\ was determined by doing the best-fitting 
of the experimental recovery curve to the Eq. (||). The 
value of Ti obtained in such a way was almost the same as 
the value determined from the fitting of the slowest recov- 
ery region to the single exponential equation exp(— t/Ti). 
Figure |] shows a typical example of the best-fit recovery 
curve of the nuclear magnetization for the Mn 4+ ion. 

Figure. || show the temperature dependence of the 
transverse relaxation rate T 2 _1 and the longitudinal re- 
laxation rate T^ 1 measured in zero field for each central 
peak of the three resonance lines. As is seen, both rates 
exhibit qualitatively the same remarkable decrease with 
decreasing temperature above about 1.4 K, and the val- 
ues of T^ 1 are smaller than that of T 2 _1 by almost two 
orders of magnitudes. Below 1.4 K, T 2 _1 becomes rather 
moderate, and it becomes almost constant around the 
value of 100 s -1 below about 0.5 K. The values of T 2 for 
Mn 4+ ion and Mn 3+ ions are almost the same, though 
the former is somewhat smaller only at the temperatures 
above about 2K. On the other hand, the value of T^ 1 
continues to decrease remarkably down to around 0.5 K, 
Thus, at very low temperatures there appears, between 
T 2 X and Tj~ , a difference extending over four orders of 



IV. ANALYSIS 

In this section, we shall analyze the experimental re- 
sults. The nuclear magnetic relaxations in Mn^Ac will 
be primarily caused by the fluctuating component 5S(t) 
of the on-site manganese ion via the hyperfine interaction 
SH.N(t) = I • A ■ SS(t), where A is the hyperfine interac- 
tion tensor given by Eq. ^. In view of the fact that an 
assembly of the strongly-coupled manganese spins in a 
cluster is established as the cluster spin of S = 10, we 
may assume that each manganese spin is subject to the 
same fluctuation corresponding to thermal fluctuation of 
the cluster spin along the z-axis, which is caused by the 
spin-phonon interaction. Then, the effective perturbing 
hyperfine interaction is expressed as 

SH N (t) = (I X A XZ + I y A yz + I z A zz )SS z (t). (9) 

Lascialfari et al. treated the fluctuating local field due to 
the spin-phonon interaction in analyzing the proton and 
muon spin-lattice relaxation rates in Mni2 Ac by. consider- 
ing all of Zeeman levels with statistical weight. Ej Here, we 
simplify the problem by taking into account only the low- 
est two energy-levels of S — 10 within each of the double- 
well potential, that is, the ground-state S z = m = —10 
and the first excited state m = —9 for the (+) cluster, 
and m = +10 and rn = +9 for the (-) cluster. Such a 
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simplification is reasonable since the present 55 Mn NMR 
is available only at low temperatures below about 2.5 K 
where the statistical weights of the higher excited states 
are quite small. Then the average life-times To and T\ 
of the ground-state and the excited state are given as 
follows within the framework of the lowest two levels; 



1 



CA 3 



t exp(A/T) - 1 



and 



1 

n 



CA 3 



1 -exp(-A/T)' 



(10a) 



(10b) 



where C ia-the coupling constant for the spin-phonon 
interaction,!!!!! and A is the energy difference between the 
ground-state and the first excited state, which is given 
by 

A = 19D I /k B ±g llt i B H Q /k B . 

Here the signs ± correspond to the upper and lower 
branches for Mn 4+ ion, respectively, and vice versa fpc 
Mn 3+ ion. Bjz_using the values of D/k B — 0.67K,Eil 
and g\\ = 1.93fd A is given as (12.7 ± 1.30 x H ) K, H Q 
being expressed in T. In our present experimental con- 
dition for the applied field, the attained value of A is at 
the least about 11 K. So, for the low temperatures be- 
low 2.5 K, it turns out, from the expressions given by 
Eqs. (|To|), that To exhibits very remarkable temperature 
dependence, whereas t\ remains almost constant with the 
relation such that To 3> t\. Then, the effective fluctua- 
tion at each of the 55 Mn sites is regarded to be step- wise, 
and it is characterized by random sudden jumps between 
the ground-sate and the excited state, as shown schemat- 
ically in Fig. ||. Here h a (a — z or _L) is the average 
magnitude of the effective fluctuating field along or per- 
pendicular to the z-axis. These effective fluctuating fields 
are related to the components of the hyperfme interaction 
tensor A as h z = —A zz /"fNh and h± = —A xz /jh. In the 
followings we find expressions for the nuclear magnetic 
relaxation rates on the basis of the above model to look 
at the experimental results. 



A. Transverse relaxation rate 

First we consider the transverse relaxation rate. In 
our experiment, the relaxation time Ti was determined 
by measuring the time constant of the decay of the spin- 
echo amplitude E(2t) 1 that is, the macroscopic trans- 
verse nuclear magnetic moment, as a function of time 
interval r between the two r/-pulses. This decay, which 
corresponds to the phase disturbance of the Larmor pre- 
cessions caused bji-the longitudinal fluctuating local field, 
is represented asEil 



E(2t) = E a ( exp [i J Su){t)dt - i 



2t 



Su>(t)dt] ) (11 



The spin-echo amplitude can be calculated from Eq. ( ]Tl] ) 
by considering all possible pulse sequences of e fluctua- 
tions, the phase deviations and the statistical weight of 
the pulse sequence. This problem has been treated by 
Kohmoto et al. for the interpretation of 133 Cs relaxation 
times T2 and T\ in the <S-^= 1/2 Ising-like linear chain 
antiferromagnet CsCoC13.l3 According to the procedure 
presented in Ref. [32[ we obtain, for r ^> n , the following 
final expression 

2t\ 



E(2T)=E exp(- — ) 

1 2 



with 



1 

T~2 



tq 1 + (7JV^Tl) 2 ' 



(12) 



Thus the relaxation rate depends on the number of the 
fluctuation pulse per second, Tq -1 and average phase 
change 7jv^-z for one fluctuating field. The above equa- 
tion yields for 7at/i z ti <C 1 



7f = —{iNh.Tx) , 

^2 Tq Tq 



and for 7tv/i z ti 3> 1 



1 

% 



1 

TO ' 



(13a) 



(13b) 



As we see in the following section, Eq. (13a) corre- 
sponds to the expression obtained on the basis of the 
standard perturbation method, that i s, th e weak colli- 
sion regime. On the other hand, Eq. (13b) means that 
the relaxation rate is determined solely by the average 
number of the appearance of the thermal excitation per 
one second, and further it does not depend on the mag- 
nitude of the fluctuating field. This is the strong collision 
regime. As evaluated above, in the present experimental 
conditions, the temperature dependence of 2TT 1 results 
predominantly through the term of tq. Accordingly, as 
far as the temperature dependence is concerned, there is 
no appreciable difference between both regimes for T% ■ 
On the other hand, since the term of A 3 in tq and t\ con- 
tributes to the field dep ende nce of Tz\ the qualitative 
difference between Eqs. (13a) and (13b) is expected to 



appear in the field dependence of T 2 _ . Thus it is worth- 
while to look at the qualitative field dependence of T2 to 
find the plausible regime. The field-dependence of the 
relevant terms of To and t^Tq -1 calculated for T=1.45K 
are shown in Fig. ^ by the solid and dashed lines, respec- 
tively. Clearly the solid line in Fig. |To|, which represents 
Tq -1 , explains well the corresponding experimental curve 
given in Fig. |^. This means that the strong-collision 
regime is valid. The solid line in Fig. ^ represents the 
result for qualitative fitting of the calculated curve of 



Eq. (13b) for zero field to the experimental temperature 
dependence of T 2 _1 . It should be noted that there ap- 
pears no definite dependence of T^ 1 on the site of the 
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manganese nuclei, although there exists rather large dif- 
ference in the A zz component of the hyperfine tensor as 
estimated in the previous sectio n (se e Eqs. (0)). This is 
well understood if we adopt Eq. ( 13b). The results for the 



similar fittings for the field dependence of T 2 ~ are shown 
in Fig. H by the solid and dotted lines. T he so lid line in 
Fig. H represents the fitted curve of Eq. (13b). In both 
cases of the temperature and field dependence of T 2 _1 , 
the agreements are satisfactory. Thus it is concluded that 
the transverse relaxation is essentially determined by the 
phase disturbance associated with the average number of 
the appearance of the first excited state per one second 
(strong collision regime). 



B. Longitudinal relaxation rate 

Now let us turn to the longitudinal relaxation rate, if 
we pay attention to the experimental fact that T^ 1 3> 
Tf 1 together with the validity of Eq. (pb] ), it is reason- 
able to assume that the longitudinal relaxation time Ti 
is much longer than the characteristic times r and T\. 
Then, the longitudinal relaxation rate T 7 " should be ob- 
tained, following to the conventional perturbation theory, 
by the spectral component at the 55 Mn Larmor frequency 
lon of the time correlation function for the step- wise fluc- 
tuating field as given in Fig. ^. The time correlation func- 
tion for such a fluctuating field is easily calculated to be 



branches for Mn 4+ ion and vice versa for Mn 3+ ion. As 
in the case of T^ 1 , the temperature dependence of T^ 1 
is almost determined by t , while the field dependence 
depends not only on To but also on t\ and uj 2 n . The 
field dependence of Tj~ is determined by rf Tq~ for the 
low-frequency limit ujfqh z Ti <C 1, and by Tq 1 oj^ 2 for the 
high- frequency limit lonIi z t i 3> 1. The dotted line in 
Fig. represents the field dependence of Tq 1 ^ 2 calcu- 
lated for T — 1.45 K. It is found that the experimental 
field dependence obtained for T = 1.45 K fits well the 
dotted line, but not the dashed line, thus suggesting the 
validity of the equation for the high-frequency limit in- 
stead of the other. The dot-dashed and dotted lines in 
Fig. H represent the results of the best fitting of the curve 
Tq -1 for zero field to the experimental results for tem- 
perature dependence for the L 1-line (Mn 4+ ion) and the 
L2-line (Mn 3+ ion). The agreement is reasonable down 
to around 0.7 K. The results for the similar fittings for 
the field dependence of T-f 1 are shown in Fig. ^ by the 
solid and dotted lines. The agreement is also satisfactory. 
Thus it turns out that the longitudinal relaxation is gov- 
erned by perturbing effect of the fluctuating field h±(t) 
(weak collision model), and then the high-frequency limit 
for the ujn component of the correlation function of h± (t) 
holds. It should be noted that the slight difference in the 
field dependence between T 2 _1 and Tf results from the 
presence of the factor uj~j 2 in the latter, which is approx- 
imated as (7jv J ff in t) _2 (l - 2H /H- mt ) for H int > H a . 



({h + (t)h-(0)}) = h 2 eS eM ) 



(14) 



DISCUSSIONS 



with 



and 



his 



Ton a „n u2 



(t + ti) 2 r 
1 _ 1 1 _ 1 

T c Tq Tl T\ 



(15) 



(16) 



where r c is the correlation time. The approximation used 
in Eqs. (|l^) and (|l^) is valid under the condition that 
To 3> ti, which is the relevant case. Taking the Fourier 
transform of Eq. (|l4]), we obtain for tq ^> ti, 



Tl T 1 + (^ATTl) 2 

This equation yields for lonT\ <C 1 



1 

T\ 

and for u>nti ^> 1 
1 

IT 



2(7iyfe±n) 2 

TO 



2(-y N h±) 

TqWtv2 



TQ 



T0^ N 



(17) 



(18a) 



(18b) 



Here the resonance frequency is given by u>n — In {H- m t ± 
Ho), where the signs ± correspond to the upper and lower 



First we examine the above treatment numerically. 
The use of T 2 yields directly the value of To- Then 
we obtain the constant for the spin-phonon interaction, 
C w 5 x 10 3 s -1 K -3 , which lies reasonably in the range of 
the value of 10 3 ~ 10 5 s^ 1 K _3 predicted in Ref. ||. Using 
this value, we obtain t\ w 1.1 x 10~ 7 s. Here if we ten- 
tatively assume that the deviation of the cluster spin of 
5S Z =1 during T\ is shared by the 12 manganese spins, the 
average deviation of each spin is taken to be 5S Z = 1/4. 
Then, for instance, the use of A zz /H = 154 MHz for Mn 4+ 
ion yields 7at/i z tl ~25, thus the condition for the strong 
collision regime for T^ 1 relaxation process being satis- 
fied. The reason why there appears above about 2K 
the slight difference in the value of T 2 _1 between Mn 4+ 
and Mn 3+ ions might be due to the cross-over from the 
strong-collision regime to the weak collision regime. In 
fact, in the latter, the difference in the coupling constant 
term, that is, 7at/i 2 or A zz /h should reflects in the value 
of T 2 . Nevertheless, as far as we are confined ourselves 
within the present simplified treatment, it is not realized 
because t\ is almost temperature- independent. 

As for Ti, for instance, using the evaluated value of 
A xz /h = 24.7MHz (Mn(2)) and 53 MHz (Mn(3)), we ob- 
tain Tq /Ti Rj 500 and 100, respectively, which agrees 
reasonably with the experimental result in relative order 
of magnitude. However, the following points remain not 
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understood. First, as far as the hyperfine interaction for 
Mn 4+ ion is taken to be isotropic and not to have off- 
diagonal terms as determined in the present analysis of 
the NMR spectra, it is difficult to understand that the 
relaxation rate for Mn + ion is of comparable order with 
that for Mn 3+ ion. In order to understand the exper- 
imental results for T\ for Mn + ion, the assumption of 
the presence of any off-diagonal term of the hyperfine in- 
teraction tensor will be necessary. Unless the anisotropic 
term is not effective, the possible relaxation mechanism 
may be inevitably ascribed to the isotropic interaction 
term like AI + 8S~ (t) as in the case of the three-magnon 
relaxation process in usual magnetic system. In this case, 
the relevant activation energy which determines the tem- 
perature dependence of T\ should be at least twice of the 
gap energy so as to guarantee the energy conservation 
between the nuclear spin and the electronic spin system. 
However, in the cluster which involves only twelve elec- 
tronic spins coupled strongly to each other by exchange 
interactions, it may be quite unreliable. Anyhow, the 
origin of the effective coupling constant for T\ for Mn 4+ 
ion is uncertain at the present. 

Next we discuss on the present concept for obtaining 
the relevant equations for Ti and T\. As a starting point 
we considered only the two lowest levels, the ground-state 
and the first excited state. Then, if we follow the stan- 
dard stochastic theory, the fluctuating local field respon- 
sible for the nuclear magnetic relaxation, which is caused 
by the thermal excitation to the excited state from the 
ground-state, is treated as a perturbation with respect 
to the nuclear quantization axis. In the cases of zero 
field and where the external field is applied along the c- 
axis, the nuclear quantization axis is taken to be along 
the internal field at the 55 Mn site, that is, along the c- 
axis. The longitudinal and transverse relaxation rates 
are given by the Fourier spectrum of correlation function 
of such a fluctuating local field h a (t) (a = z or JL) at the 
resonance frequency ujn as follows: 

^ = F^{u JN ) and -L = -L + F z (0) 

J-l ±2 

with 

^M = ^ f ({5h a (t)5h a (t)}}exp(-iu N t)dt. (19) 

* J — oo 

As shown in Sec. |v|, the correlation function for the 
pulse-like field given in Fig. |L is calculated to have the 
exponential- typed form given by Eq. (14). The longitu- 



dinal relaxation rate has already been given by Eq. (17). 
On the other hand, we have found experimentally that 
T^ 1 > Tf 1 . So T^ 1 should be ascribed to the zero- 
frequency term -F(O), which is given by 



-=F(0) = MlNh z f 

+ 2 TO 



(20) 



According to this equation, the temperature dependence 
of T^ 1 results only from tq as far as tq 3> Ti because 



T\ is taken to be almost independent on the tempera- 
ture. However, the value of T^ 1 should have a large site- 
dependence through the coupling constant term (7at/i 2 ) 2 , 
which is proportional to the hyperfine interaction term 
of A 2 ZZ . Furthermore, as already shown in Fig. [l(| the 
field dependence of t^Tq 1 differs from that of only Tq -1 . 
Such features contradict with our experimental results. 
Instead, as we have already mentioned, the equation like 
T-2 1 = T^ 1 obtained as a strong collision regime on the 
basis of more basic treatment explains satisfactorily our 
experimental results for T 2 - 

Finally, with respect to the longitudinal relaxation, 
we compare our present formalism with the equation 
adopted by Furukawa et al. in Ref. [l9| They have taken 
into account all of the 21 energy levels (to = —10 ~ +10) 
of S = 10 as the candidates for the fluctuating field Sh± 
responsible for the nuclear magnetic relaxation. Then, it 
has been assumed that the correlation functions associ- 
ated with each of these energy levels are the exponential- 
typed one with the correlation time equal to the corre- 
sponding average life time, which is determined by the 
spin-phonon interaction as discussed in Ref. |^. The con- 
tributions from each level have been summed up with 
the statistical weight. However, in considering the low 
temperature results, only the term related to the low- 
est ground-state with to = — 10 with the predominant 
statistical weight was remained as an effective one, thus 
yielding the expression like T^ 1 oc A^/tqlo^ in the high- 
frequency limit for tqljn ^ 1. As is seen, our equation 
( |l8b| ) has the same form as this equation. Howeve r, th e 
origins of each term are different. First, in Eq. ( |l8tj ), 
the term To results from the effective amplitude of the 
fluctuating field (ri/^^^h^) 2 in the correlation func- 
tion. Secondly the criterion for the high-frequency limit, 
which brings the term lon in the equation, is taken with 
respect to tilon instea d of tquin. Thirdly, as for the 
coupling constant, Eq. (18b) involves the transverse fluc- 
tuating field h±, that is, the off-diagonal term A XZl since 
it is assumed that the the anisotropic perturbing inter- 
action like I + 5S z (t) is responsible for the nuclear spin 
lattice relaxation. While, in Ref. [H], the coupling con- 
stants for Mn(l) , Mn(2), and Mn(3) have been taken to 
be proportional to the square of the internal static field 
in zero field, i. e., square of A zz in our notation. Then, 
in view of the large difference of the ratio of the coupling 
constants of T^ -1 for the three ions between experimental 
values and the above estimation, the presence of the cou- 
pling constants for non-zero mode have been suggested. 
Unfortunately the 55 Mn NMR signal is observable only 
at low temperatures. So it is difficult to find experimen- 
tally the maximum point of the relaxation rate which 
appears in the BPP-typed equation under the condition 
tiojn = 1. It may be possible for other nuclei with much 
lower resonance frequency. However, such a condition is 
realized at rather high temperatures. In this case, the 
present two-level model may fail. Further extension of 
the present treatment will be necessary by taking into 
account the higher excited levels. 
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VI. CONCLUSION 

The nuclear magnetic relaxation times T2 and T\ of 
55 Mn for Mn 4+ and Mn 3+ ions in Mn 12 Ac have been 
measured using the oriented powder sample at low tem- 
peratures below 2.5 K down to 200 mK in the fields up to 
9T applied along c-axis. The relaxation rates T 2 _1 and 
TT" 1 in zero field exhibited remarkable decreases with 
decreasing temperature with the relative relation like 
T 2 _1 /T' 1 _1 = 200 at the temperatures above about 1.5 K. 
At the lower temperatures the difference was more pro- 
nounced. The field dependence of T 2 _1 and Z\ showed 
decrease with increasing field for the cluster whose mag- 
netic moment is parallel to the c-axis. On the contrary, 
those for the cluster whose magnetic moment is antipar- 
allel to the c-axis increase with increasing field. The anal- 
ysis for the experimental results was made on the concept 
that the nuclear magnetic relaxation is caused by thermal 
excitations of the cluster spin. We simplified the problem 
by considering only the excitation from the ground-state 
to the first excited state within each well of the double- 
well potential with the average life times determined by 
the spin-phonon interaction. On basis of the nonlinear 
theory, we obtained general expression for the transverse 



relaxation rate T 2 _ for such a pulse-like fluctuating field. 
It turned out that T^ 1 is well understood in terms of the 
equation T^ 1 — Tq , which corresponds to the strong 
collision regime. On the other hand, the experimental 
results for T^ 1 was interpreted well by the standard per- 
turbation formalism. On the other hand, the results for 
Ti have been well understood, on the basis of the stan- 
dard perturbation method, by the equation for the the 
high-frequency limit like T^ 1 ~ X/tquIj^, where ljn is 
the 55 Mn Larmor frequency. The quantitative compari- 
son between the experiment and the theoretical calcula- 
tion was made by using the 55 Mn hyperfine interaction 
tensors, which resulted in reasonable agreement. 
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FIG. 1: Crystal Structure of molecular cluster of Mn^Ac. 
The crystalline c-axis (the z-axis) , along which the structure is 
viewed, is taken to tilt upward from the the surface of the text. 
The deeply and lightly shaded large circles represent Mn 4+ ion 
and Mn 3+ ions, respectively. The shaded and open circles, 
and the small closed circles represent carbon, oxygen, and 
proton of water molecule, respectively. The arrows on each 
of the manganese sites indicate the directions of the magnetic 
moments which are parallel or antiparallel to the c-axis. (b) 
Schematic drawing of the exchange interactions among the 
manganese ions, Ji (i — 1, • • ■ ,4), whose values are referred 
to the text. 
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Frequency (MHz) 



FIG. 2: 55 Mn NMR spectra in Mm 2 Ac obtained at 1.4 K in 
zero field. The three resonance lines labeled by LI, L2, and 
L3 are associated with Mn 4+ (Mn(l)), and two inequivalent 
Mn 3+ ions (Mn(2) and Mn(3)), respectively. The inset shows 
the detail of the LI line. 
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FIG. 3: The field dependence of the resonance frequencies 
of the central peak of the three resonance lines LI, L2, and 
L3 obtained at 1.65 K. The external field is applied along the 
c-axis. The closed and open circles correspond to the 55 Mn 
NMR belonging to the (+) and (— ) clusters, respectively. 
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FIG. 4: A typical example of the recovery of the Mn nuclear 
magnetization M(t) measured for Mn(2) at T — 1.55 K in 
zero field as a function of the time t between the end of the 
saturation r/-pulse and the beginning of the searching rf- 
pulse, which is normalized with the equilibrium value Mo. 
This is a fitting curve shown by the solid line yields Ti = 
44.7 ms using the best fit values of the coefficients a = 0.11, 
b = 0.24, and c = 0.51 in Eq. (§). 
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Temperature (K) 



FIG. 5: Temperature dependence of T 2 _1 and Tf 1 of j5 Mn for 
Mn 4+ ion (Mn(l)) and Mn 3+ ions (Mn(2) and Mn(3)) in zero 
field. The solid line represents the temperature dependence of 
Tq 1 (Eq. (13b)). The d ot-dashed and dotted lines represent 
the best fit of Eq. (KSw to the experimental results for Mn 4+ 
ion and for Mn 3+ io n (M n(2)), respectively. The temperature 
dependence of Eq. (18b) is given by Tq 1 . 
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FIG. 6: Field dependence of T^ 1 and Tf 1 for the LI line 
(Mn 4+ ion). The external field is applied along the c-axis. 
The open and closed squares represent the experimental re- 
sults obtained at 1.65 K for the upper branch ((+) cluster) and 
the lower branch ((—) cluster), respectively. The open circles 
represent the experimental results for the upper branch ob- 
tained at 1.45 K. The solid and dashed lines drawn for the 
results of represent the theoretical equations of t^ 1 cor- 
responding at 1.65 and 1.45 K, respectively. Those for the re- 
sults of Tj -1 represent the best-fit of the theoretical equations 
of Tq 1 ^ to the experimental results. 
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FIG. 7: Field dependence of the relaxation rates T 2 _1 and 

of 55 Mn in Mn 4+ ion for the the ( — ) cluster (lower branch) 

measured at 1.65 K. 
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FIG. 8: Field dependence of T^ 1 of the BB Mn in Mn(l) and 
Mn(2) for thc(+) cluster obtained at 1.45 K. 
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FIG. 9: Schematic drawing of the step-wise fluctuating local 
field associated with the excitation from the ground-state to 
the first excited state with respective average life-times of 
to and n. h a represents the fluctuating field longitudinal 
(a = z) or transverse (a =_L) with respect to the nuclear 
quantization axis, which coincides to the c(z)-axis. 
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FIG. 10: The qualitative field dependence of the relevant 
terms in the theoretical equations of the relaxation rates T 2 -1 
and T^ 1 calculated for T = 1.45 K. The solid and dashed 
lines represent the field dependence of T^ 1 corresponding to 
the strong- and week-collision regimes, respectively. The dot- 
ted and dashed lines represent the field dependence of Tj~ 
corresponding to the high- and low-frequency limits, respec- 
tively. These curves are normalized at Ho = 0. 



